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1 Introduction

This work concerns combinatorics on words, or more precisely the theory of
word equations. Fundamental results of this topic include the decidability of
the satisfiability problem for word equations, see [9], and the compactness
result of systems of word equations, see [1] and [5]. The first result was
improved to a PSPACE algorithm in [10].

In the case of constant-free word equations with only three unknowns
fundamental results have also been achieved. Hmelevskii [7] proved in 1970
that the general solution of any such equation can be expressed as a finite
formula on word and numerical parameters. On other direction Spehner
[11, 12] classified all sets of relations a given solution, that is a triple of words,
can satisfy. Both of these results have only very complicated proofs. Another
example of a challenging nature of word problems is that the question of
finding any upper bound for the maximal size of independent system of
word equations on three unknowns is still open, see [6] and [3].

The result of Hmelevskii is well known, see e.g. [8], but a readable
presentation seems to be lacking. This work attempts to give a simplified
proof using modern tools of combinatorics on words. As a new result, we
get an upper bound of the size of the formula giving the general solution.
This bound is double exponential in terms of the length of the equation, and
thus very probably far from optimal.

This work begins in section 2 with some definitions and well-known the-
orems. Then some simple equations, which will be used later, are solved. In
section 3 we define parametric words and parametric solutions formally and
present some very basic properties of them, and in section 4 we take a closer
look at the form of parametric solutions. Section 5 deals with exponential
equations, which are an important tool used in our proof. In section 6 we
are able to prove Hmelevskii’s theorem for a large class of equations. All
other equations will be reduced to these equations later on. The main tools
in this process are images and #-images, which are the topic of section 7.
Finally, in the last three sections a so called basic tree is constructed for an
arbitrary equation, and this completes the proof of Hmelevskii’s theorem.
An upper bound for the height of such a tree gives an upper bound for the
length of the parametric solution.

2 Definitions and basic results

In this section we fix the terminology and state the basic auxiliary results
needed, for more see [2].
We consider word equations U = V, where U,V € Z* and = is the
—%

alphabet of unknowns. A morphism h : Z* — X* is a solution of this
equation, if A(U) = h(V). We also consider one-sided equations zU = yV.



A morphism h : 2% — ¥* is a solution of this equation, if h(zU) = h(yV)
and |h(z)| > [A(y)].

A solution h is periodic, if there exists such t € X* that every h(z),
where x € =2, is a power of t. Otherwise h is nonperiodic. Periodic solutions
are easy to find and represent, so in many cases it is enough to consider
nonperiodic solutions.

A word w is primitive, if it is not of the form t", where t # w and n > 2.
Every word w can be represented uniquely as ¢" with ¢ primitive; then ¢ is
the primitive root of w and the notation ¢ = p(w) is used.

If a word w is a prefiz of a word v, that is v = uw for some w, the
notation v < v is used. If also u # v, then u is a proper prefiz and the
notation u < v is used.

Let w = aj ...a,. Its reverse is w™ = ay, ... a1, and its length is |w| = n.
The number of occurrences of a letter a in w is denoted by |w|q.

If ¥ = {ay,...,a,}, then U € ¥* can be denoted U(aq,...,a,), and
its image under a morphism h can be denoted h(U) = U(h(a1),. .., h(ay)).
If v € ¥*, then the morphism a; — wu means the morphism, which maps
a1 — u and a; — a;, when i =2,...,n.

The following theorems and lemmas give solutions to some simple equa-
tions. These solutions will be the basis of parametric solutions of all equa-
tions with three unknowns. We start with the well known lemmata, see

2].

Theorem 2.1 (Commutation). Let U,V € {x,y}* and U # V. Assume
that |U|y = a, |Uly = b, |V|z = ¢ and |V|, = d. The solutions of the
equation U =V are x = t', y = t/, where t € %, ai + bj = ci + dj and
i,7 2 0.

R

Theorem 2.2 (Conjugation). The solutions of the equation xz = zy are
x=pq,y=qp, z=p(qp)* orx =y =1, z=p, where p,q € X* and i > 0.

Theorem 2.3 (Fine and Wilf). Let u,v € X1, v/ < wu, v/ < v and
u™ | = "' > Jul + [v] — ged(|ul, [v]).
Now u™u' = 0™ if and only if uv = vu.

For the next theorem we define the graph of a system of equations. It
is a graph, whose vertices are the unknowns of the system, and where two
vertices x and y are connected by an edge, if the system contains an equation
of the formx...=y....

Theorem 2.4 (Graph lemma). Let E be a system of equations and assume
that its graph has ¢ connected components. Let = = {x1,...,x,} and let
h : 2% — X1 be a solution of E. Now there exists a set ' C X7 with ¢
elements such that h(xy1),...,h(x,) € F*.



The above theorem has the following corollary, which suits particularly
well to our considerations.

Corollary 2.5. Let A,B,C,D € {x,y,z}*. Each solution h of the system
of equations xA = yB,xC = zD, for which h(x),h(y),h(z) # 1, is periodic.

We continue by solving a few examples of word equations needed in our
presentation.

Lemma 2.6. The nonperiodic solutions of the equation xyz = zyx are

z = (pq)'p, y = a(pg)’, =z = (pg)*p, where p,q € *, i,j,k > 0, pq # qp and
pq can be assumed to be primitive.

Proof. The claimed solutions satisfy the equation and are nonperiodic. If
h is a nonperiodic solution, then h(zyzy) = h(zyzy), so h(xy) = t™ and
h(zy) = t", where t is primitive and m,n > 0. Now h(y) = q(pq)’, where
pg =tand 0 < j < m,n, so h(z) = (pg)'p and h(z) = (pq)Fp, where
i=m—j—1and k=n—7j—1. If p and ¢ would commute, the solution
would be periodic. O

Lemma 2.7. The nonperiodic solutions of the equation xyz = zxy are
x = (pq)'p, y = q(pa)’, z = (pq)*, where p,q € X*, 0,5,k > 0 and pq # qp.

Proof. The claimed solutions satisfy the equation and are nonperiodic. If A is
a nonperiodic solution, then h(xy) = t™ and h(z) = t*, where m > 0,k > 0.
Now h(y) = q(pq)’, where pg = t and 0 < j < m, so h(z) = (pq)’p and
h(z) = (pq)*, where i = m — j — 1. If p and ¢ would commute, the solution
would be periodic. O

Lemma 2.8. Let a > 2. The nonperiodic solutions of the equation xzx = y*
are x = (pq)'p, y = (pa)™'p, z = qp((pq)"*'p)**pq, where p,q € X*, i >0
and pq # qp.

Proof. The claimed solutions satisfy the equation and are nonperiodic. Let
h be a nonperiodic solution. If it would be |h(z)| > |h(y)|, then h(xz) and
h(y) would be powers of a common word by Theorem 2.3, and h would be
periodic. Thus |h(z)| < |h(y)|. Now h(y) = uh(x) = h(x)v, where u,v # 1,
and h(z) = vh(y)* 2u. By Theorem 2.2, u = pq, v = qp, h(z) = (pq)'p,
h(y) = (pq)™p and h(2) = qp((pq)"'p)*2pq. If p and ¢ would commute,
the solution would be periodic. O

Lemma 2.9. Let a > 2. The nonperiodic solutions of the equation xy®z =
zyta are v = (pg*)'p, y = q, = = (pg*)’p or

= qp((pq)*'p)*2pa(((pg)*p)*'pq)’,
y = (pg)"p,
z = qp((p)" 'p)*2pa(((pq)**'p)*~'pg)’,

where p,q € X*, 1,4,k > 0 and pq # qp.



Proof. The claimed solutions satisfy the equation and are nonperiodic. If h
is a nonperiodic solution, then, by Lemma 2.6,

h(zx) = u(vu)’, h(y®) = v(uww)®, h(z) = u(vu)?,

where uv is primitive. If b = 0, this gives a solution of the first form. If
b > 1, then, by Theorem 2.3, hy and vu commute. Then v =1 or v =1 and
h(x),h(y), h(z) € (uv)*, which is a contradiction. If b = 1, then, by Lemma

2.8, h(v) = (pg)*p, h(y) = (pg)**'p and h(u) = gp((pg)**'p)*~?pg. This
gives a solution of the second form. If p and ¢ would commute, the solution
would be periodic. O

Lemma 2.10. The nonperiodic solutions of the equation xyrz = zx’y are
x = (pg)'p, y = ap((pQ)""'p)’pa, » = pq, where p,q € 2*, i >1, j >0 and
pq # qp-

Proof. The claimed solutions satisfy the equation and are nonperiodic. If A
is a nonperiodic solution, then, by Lemma 2.6,

h(zy) = (uv)’u, h(z) = v(uv)®, h(z) = (w)u.

Because h(z) < h(z) < h(zy) and uv # vu, it must be h(z) = u < h(z) =

v <uw. Now h(z) = pg and h(z) = (pq)'p, so y = qp((pg)""'p)’pq. If p and
q would commute, the solution would be periodic. O

Lemma 2.11. Leta,b > 1 and U,V € E*. If h is a solution of the equation
zyU = y®2V, then h(z) and h(y) commute.

Proof. Assume that h(z) < h(y). Then h(y) = h(x)“, where h(z) % t.
Because h(z)*™¢... = h(x)t..., it must be ¢ < h(z). Now h(z)**t... =
h(y)’h(z) ... and |h(z)?¢t|, |h(y)°h(z)| > |h(z)h(y)|. The claim follows by
Theorem 2.3. O

3 Parametric words

In this section, we define the central notions of this presentation, namely
parametric words, parameterizability and parametric solutions.

Fix the alphabet of word parameters A and the set of numerical param-
eters A. Now parametric words are defined inductively as follows:

(i) if a € AU{1}, then (a) is a parametric word,
(i) if @ and 8 are parametric words, then so is (af3),

(iii) if « is a parametric word and i € A, then (o) is a parametric word.



The set of parametric words is denoted by P(A, A). The sets of parameters
are always denoted by A and A.

When there is no danger of confusion, unnecessary parenthesis can be
omitted and notations like a’a’ = o'/ and (a!)? = o/ can be used. Then
parametric words form a monoid, if the product of « and 3 is defined to be
af.

If f is a function A — Ny, we can abuse the notation and use the same
symbol for the function, which maps parametric words by giving values
for the numerical parameters with f: if a € A U {1}, then f((a)) = a; if
a,B € P(A,A), then f((aB)) = f(a)f(B); if « € P(A,A) and i € A, then
f((@") = f(a)/®. A parametric word is thus mapped by f to a word of
A*. This can be further mapped by a morphism A : A* — ¥* to a word of
3*. The mapping h o f is a valuation of a parametric word into >*, and f
is its valuation to the set A*.

We define the length of a parametric word: the length of 1 is zero; if
a € A, then the length of a is one; if o, 5 € P(A, A), then the length of a3
is the sum of lengths of « and 3; if « € P(A,A) ~ {1} and i € A, then the
length of o' is the length of a plus one.

Next we define the height of a parametric word: if a € AU{1}, then the
height of a is zero; if a, 3 € P(A, A), then the height of o is the maximum
of heights of a and 3; if & € P(A,A)~ {1} and i € A, then the height of o’ is
the height of a plus one. Parametric words of height zero can be considered
to be words of A*.

A linear Diophantine relation R is a disjunction of systems of linear
Diophantine equations with lower bounds for the unknowns. For example,

(x4+y—2z=0A(@>22)V((z+y=3)A(z+2=4))

is a linear Diophantine relation over the unknowns z, y and z. We are only
interested in the nonnegative values of the unknowns. If A = {iy,... i},
f is a function A — Ny, and f(i1),..., f(ix) satisfy R, then the notation
f € R can be used.

Let S be a set of morphisms =* — ¥*, A = {iy,...,4;}, h; a morphism
from the monoid =Z* to parametric words and R; a linear Diophantine re-
lation, when j = 1,...,m. The set {(hj, R;):1<j < m} is a parametric
representation of S, if

S={hofoh;:1<j<m,f€R;},

where ho f runs over all valuations to >*. The linear Diophantine relations
are not strictly necessary, but they make some proofs easier. A set can
be parameterized, if it has a parametric representation. The length of the
parametric representation is the sum of the lengths of all h;(x), where j =
1,...,mand z € =.



It follows immediately that if two sets can be parameterized, then also
their union can be parameterized.

Let S,S51,...,5, be sets of morphisms Z* — X*. The set S can be
parameterized in terms of the sets S1,..., Sy, if there exists such morphisms
hi,...,h, from E* to P(Z,A) that

S={gofoh;:1<j<n,geS;},

where f runs over functions A — Np.

Again it is a direct consequence of the definitions that the parameteriz-
ability is preserved in compositions. Namely, if S can be parameterized in
terms of the sets S1,...,S, and every S; can be parameterized in terms of
the sets Si1,...,Sin,;, then S can be parameterized in terms of the sets S;;.

We conclude these definitions by saying that solutions of an equation
can be parameterized, if the set of its all solutions can be parameterized. A
parametric representation of this set is a parametric solution of the equation.

These definitions can be generalized in an obvious way for systems of
equations. Theorems 2.1 and 2.2 and Lemmas 2.6 — 2.10 give parametric
solutions for some equations. For example, the conjugate equation xz = zy
has a parametric solution {(h1, R), (he, R)}, where A = {p,q}, A = {i},
hi(z) = pq, hi(y) = qp, hi(2) = p(gp)’, ha(x) = ha(y) = 1, hao(z) = p and R
is the trivial relation satisfied by all functions f: A — Ng.

The following theorem states that the basic tool in solving equations,
namely the cancellation of the first variable, preserves the parameterizability
of solutions.

Theorem 3.1. Let U,V € Z*, z,y € Z and x #y. Let h : =% — Z* be the
morphism x — yx. If the equation xh(U) = h(V') has a parametric solution,
then so does the equation xU = yV.

Proof. If the equation xh(U) = h(V') has a parametric solution
{(hj,R;) : 1< j <m},
then the equation U = yV has the parametric solution
{(hjoh,R;):1<j<m}. O

4 Remarks about parametric solutions

A parametric solution was defined as a set {(hj,R;):1<j<m}. This
solution can be written less formally as

x=hi(x), y="hi(y), z=hi(z), Ry or



if the unknowns are z,y,z. Actually, only one pair (h, R) is needed. For
example, if we have a parametric solution

x:aluy:/ghzzfyl or x:a27y:527'2:727

we can replace it with
x=ajay, y=Pi0y, z=7im, i+ji=1,

where ¢ and j are new parameters.

On the other hand, the linear Diophantine relations are not necessary
either, if we again allow many morphisms. We can get rid of the relations
by replacing every pair (h, R) with several morphisms h. This follows from
article [4]. We will not give the proof here, but present an example.

Example 4.1. Consider the periodic solutions of the equation 2" = yz.
They are ' ‘
c=t, y=t), 2=t ni=j+k

We can replace j with nj’ + b and k with nk’ + ¢, where 0 < b,c < n. Then
i=7 +k + (b+c¢)/n. Only those pairs (b, c) for which b+ ¢ is divisible by
n are possible. Thus we get a representation

-/ ’ ;! /

z =tk y=t", 2=t or
-/ ’ -/ ’ _

r =t +k+1’ y:tn] +1’ Z:tnk—l—n 1 or
-/ / -/ /

=1 +k —4-17 y = £ —4-27 5 = tnk +n—2 or
-/ ’ -/ _ ’

r =t +k+1’ y:tn] +n 1’ Z:tnk+1,

where the parameters j’, k' can now have any nonnegative values.

The periodic solutions of an equation on three unknowns can be repre-
sented with just one morphism and without any Diophantine relations.

Theorem 4.2. The periodic solutions of an equation U =V have a repre-
sentation
x=t, y=t! z=1",

where p,q,r are polynomials of numerical parameters

Proof. All periodic solutions of an equation U = V are of the form x =
t'y =1/, z =t and the exponents i, j, k must satisfy the constraint ||+
\Ulyj + Uk = |V]gi+|V]yj + |V]:k. By permuting the unknowns we can
assume that this can be written as ai = bj + ck, where a, b, ¢ are nonnegative
integers and a > 0 (except for some trivial cases). Let (b,,c,)_; be a
sequence of all solutions (u,v) € {0,...,a—1}? of the congruence bu+cv = 0



(mod a). For each pair (by, ¢,), we could define a corresponding morphism,
and these would together form a parametric representation. This was done
in Example 4.1. However, we can also replace the exponents i, j, k with the
polynomials

N
. bby, + ccy, |
p = bjo + cko + g Hzm
n=1 a

N
q=ajo+ Z bnim

n=1
N
r = aky + E Cplin,
n=1
where jo, ko, %1, - . ., are new parameters, which can now have any values.

Thus the solutions can be represented with one parametric word for each
unknown. The parametric representation has at most quadratic length with
respect to the length of the equation. O

Theorem 4.2 does not hold, if instead of periodic solutions we consider all
solutions. Indeed, we will show that a parametric solution for the equation
ryxrzyz = zrzyxy consists of at least three morphisms, if linear Diophantine
relations are not allowed. First we determine the solutions of this equation.

Lemma 4.3. The nonperiodic solutions of the equation xyxzyz = zxzyry
are t=p,y=q,z=1orx =p,y=q,z=pq, where p,q € 3* and pq # qp.

Proof. The claimed solutions satisfy the equation and are nonperiodic. If A
is a nonperiodic solution, then, by Lemma 2.6,

h(zy) = (uwv)iu, h(zzy) = v(uw)’, h(z) = (w)*u,

where wv is primitive. If |h(x)| > |uv|, then uv and vu are both prefixes
of h(x), uv = vu, and the solution is periodic. Thus |h(x)| < |uv|. Sym-
metrically |h(y)| < |uv|,so i =0ori=1. If kK > 0 and h(z) # v, then uv
is a factor of wvuv in a nontrivial way, which contradicts the primitivity of
wv. If h(z) = v, then h(y) = v(uv)! for some I, u and v satisfy a nontrivial
relation and the solutions is periodic. Thus & = 0 and h(z) = u. If i = 0,
then h(zy) = h(z). If i = 1, then either h(z) = 1l or j =1or j =2 or
v=1. If j =1, then |v| = 2|u|, u is a prefix and a suffix of v, and u and v
commute. If j = 2, then |u| = 2|v|, v is a prefix and a suffix of u, and u and
v commute. If v =1, then |h(z)]|,|h(y)| < |uv| is not possible. This proves
that the claimed solutions are all nonperiodic solutions. If p and ¢ would
commute, the solution would be periodic. O

The number of occurrences of a letter a € ¥ in a parametric word after
giving values for the parameters can be viewed as a polynomial, where the



variables are the numerical parameters ¢ € A and new variables p, for every
p € A and a € X. Formally, we define the polynomial |a, as follows:

(i) if p € A, then |(p)|a = Pas
(ii) if o and 8 are parametric words, then |(af)|q, = |aa + |B]a,
(iii) if « is a parametric word and i € A, then |(a?)|, = |aqi.

For example, |(p°q)pla = Paij + qaj + pa. If @ is a valuation, then |p(a)], is
the value taken by the polynomial |a,, when ¢ is given the value ¢(i) (for
all : € A) and p, is given the value |¢(p)|, (for all p € A).

Theorem 4.4. The equation ryxzyz = zxzyxy does not have a parametric
solution of the form

r=ai, y=p, 2=m or  r=az, Y=L, z2="2
Proof. The following are examples of the solutions of the equation:
r=ay=bz=1, x=a,y=b,z=ab; x =a,y =a,z = a. (1)
We will show that if o, 3,y are parametric words such that

r=p(a), y=vB), 2= o) (2)

is a solution of the equation for all valuations ¢, then we can get at most
one of the three above-mentioned solutions from these parametric words.

Consider the three polynomials |v|4, |a8]a — |7]a, and |ala|Bls — ||s]5]a-
The values taken by them are

2las [2yla = [2las [2lalyle = |2lo[Yla, (3)

where (z,y,z) can be any solution of the equation zyzzyz = zzzyxy. If
z = 1, the first value is zero, if xy = z, the second value is zero, and if z and
y are powers of a common word, the third value is zero. By Lemma (4.3),
one of these holds for any solution, so the product of the three polynomials
is zero. But this means that one of the polynomials must be zero. For the
first solution in (1) only the first value in (3) is zero, for the second solution
only the second value is zero, and for the third solution only the third value
is zero. Thus only one of these solutions can be obtained from (2). O

5 Exponential equations

Let o and ( be parametric words. The pair («, ) can be viewed as an
equation, referred to as an exponential equation. The height of this equation
is the height of a8. The solutions of this equation are the functions f :



A — Ny that satisfy f(a) = f(5). If the numerical parameters are in order
i1, .., 1n, then we can talk of the solution (f(i1),..., f(in)) or of the solution
i1=f(i1),. . in = f(in).

If we know some parametric words, which give all solutions of an equa-
tion, but which also give some extra solutions, then often the right solutions
can be picked by adding some constraints for the numerical parameters.
These constraints can be found by exponential equations, and the following
theorems prove that they are in our cases equivalent with linear Diophantine
relations.

We will transform words into polynomials when studying exponential
equations. Alphabet = with & letters can be thought to be the set {1,... k}.
Then we can define the functions A\, u : E* — Z[X]:

Mw) = X™H p(w) = amX™ + -+ a1 X +ag

for all w = a,,...a9 € Z*. This corresponds to the n-adic representation

of a number when n > k: the word w represents the number obtained by
giving the value n for X in the polynomial p(w). In particular, if u,v € Z*,
then

pu(uv) = p(w)A(v) + p(v).

Theorem 5.1. Let E be an exponential equation of height one. There exists
a linear Diophantine relation R such that o function f : A — Ny is a solution
of E if and only if f € R.

Proof. Let E be the equation o = 3, where
o = sotttsy .. timsy, B = ugvituy . .. vIruy,

S0y~ v vy Sy Elyenv s by UQy ey Uny U1y - ve s Uy € A¥ and i1,. .., 9m, J1,- -+ Jn €
A. Function f is a solution if and only if u(f(«)) = p(f(8)). Now u(f(a))
is

p(s)AEDTEINCs1) o A )T N (s

IO 1) s,

At — 1
pltm) At — 1)
oA P CORYICL

which can be rewritten as

(M(so) + %) A(s1 ... sm)A(t{(“) R TACD)

- —1)A(Sg— i .
3 (o) + 3y~ ST Mo s )
+11(8m);

10



and p(f(f)) is of the corresponding form. Thus the equation

(A1) = 1) (Altm) = DA(v1) = 1) ... (AMon) = Du(f(a))
=(A(t1) = 1) .. (Altm) = 1)(A(w1) =1) ... (Avn) = Du(f(B))

can be rewritten as
XPp o XPM = X g XN (4)

where every P, and @y is a linear polynomial with unknowns f(4;), f(Ji)-
Equation (4) can be satisfied only if M = N. Then it is equivalent with the
formula

V (Pr=Qray)) A+ APy = Qriny))

™

where 7 runs over all permutations of NV elements. Hence the claim follows.
O

In some cases Theorem 5.1 can be generalized for exponential equations
of height two.

Theorem 5.2. Let A = {i,j}. Let so,...,8m, t1,...,tm, Ug,...,U, and

v1,...,0U, be parametric words of height at most one, with no occurrences
of parameter j. Assume that i occurs at least in the words t1,...,t, and
V1y...sUn. Let o = Sot]s1... sy, and = upviuy ... vhu,. Now there

exists a linear Diophantine relation R such that a function f: A — Ny is a
solution of the exponential equations E : o = 0 if and only if f € R.

Proof. Like in the proof of Theorem 5.1, the equation u(f(a)) = u(f(5))
can be turned into the equation

XPrp XM= X Qg XN (5)

where every Py and Q) is of the form af (i) f(j) +bf (i) + cf(j) + d for some
integers a, b, ¢,d. Equation (5) can be satisfied only if M = N. Then it is
equivalent with the formula

V(P = Qry)) A+ APy = Qr(n)) (6)

™

where 7 runs over all permutations of N elements.

Consider now the equations Py = Q). They are of the form af (i) f(j)+
bf(i) +c¢f(j) +d = 0. If a = 0, this is a linear equation. If a # 0, then
f@) < |b4+c+d or f(j) < |b+ ¢+ d|, because otherwise |af(i)f(j)| >
|bf (i) + cf(j) +d|. If f(i) or f(j) is fixed, the equation turns into a linear
equation. Hence the claim follows. O

11



The parametric words in the next theorem come from Lemma 2.9. Ex-
ponential equations formed by the parametric words in the other Lemmas
2.6 — 2.10 are handled by Theorems 5.1 and 5.2, but Lemma 2.9 requires
this special treatment.

Theorem 5.3. Let A = {p,q}, A = {i,j,k} and a > 2. Let a = (pg®)'p,
B=q,v=(pq")p, or

a = qp((pg)*p)*2pa(((pa)*+'p)*'pq)’,
B = (pg)*p,
v = ap((p@)*'p)*2pa(((pg)*+'p)*~'pg)’.

Let A, B € {x,y, z}* and let h be the morphism mapping x — o,y — 3,z
~v. Now there exists a linear Diophantine relation R such that a function
f A — Ny is a solution of the exponential equation E : h(A) = h(B) if and
only if f € R.

Proof. In the first case F is of height one and the claim follows from Theorem
5.1. Consider the second case. It can be assumed that A and B begin with
z and z. Consider the equivalent equation y*A = y*B. Let the maximal
prefixes of the left- and right-hand sides of the form y%t¢y...y%,, where
t; € {z,z}, be U and V. Now the equation is UA; = VB;. Let T =
((pq)*'p)*~1pq. Now the parametric words h(U) and h(V) are of the form
TP3k) and TRWIK) | where P and Q are linear polynomials.
We show that if f is a solution of h(A) = h(B), then

P(f(@), f(5), f(R)) = Q(f (), £(4), f(K))- (7)

Assume that P(f(3), f(j), f(k)) > Q(f(3), f(j), f(k)) (the other direction is
symmetric). Then

F(T°h(A1)) = f(W(B1)), (8)

where ¢ > 1. Because % 'pg < T, it must be 8% lpg < h(Bp). It
follows that By = y®Bs;. Now (8) can be reduced to f(T° 'h(A;)) =
f((pq)*ph(Bz)), and either ¢ > 1 or y < A;. In both cases (pg)flp <
T 'h(A1), and thus pg < h(Bsz), which is possible only if Bs begins with x
or z. But then By begins with y®x or y®z, which is against the maximality
assumption of V. Equation (7) has been shown.

Now the equation h(UA;) = h(V By) is equivalent with the pair of equa-
tions h(U) = h(V), h(A1) = h(B1). The former is equivalent with the linear
Diophantine equation (7). The latter is shorter than the original equation
and the theorem can be proved inductively. O

We must examine some exponential equations of height one more closely.
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Theorem 5.4. Let A = {i}. Let E : sgt'sy...t's, = uot'uy ...tu, be an
exponential equation of height one, Sg,...,Sm, Ug,...,Un, t € A" and

|50 .. Smug - .. un| < S|t|.

There exists a number T = O(S) such that f is a solution of E for every
f@)>T, or f is not a solution for any f(i) > T.

Proof. Like in the proof of Theorem 5.1, we get the equation (4). The
polynomials P; are of the form af(i) + b. On the other hand, they are
exponents of terms of products of A(sg), u(sx), A(t), A#)7@, u(t). Each of
these polynomials can occur in the products at most once. Thus |¢| divides
a and b < 2|sg...Spt|. Similar conditions hold for coefficients of @;. The
equation Pj = Qr(;) can be written as Af(i) = B, where A =0 or |A| > |{|
and |B| < 2[sq...8muUg ... u,t?|. Now there exists the required number T
such that the equations P; = Qr(;) have no solutions f (i) > T, unless the
equations are trivial. This proves the claim. O

6 Basic equations

From now on we only consider equations with three unknowns. The alphabet
of unknowns is = = {x,y,z}. The left-hand side of an equation can be
assumed to begin with x. We can also assume that x occurs on the right-
hand side, but not as the first letter.

Periodic solutions and solutions, where some unknown has the value 1,
are called trivial. These are easy to parameterize by Theorem 2.1.

An equation is a basic equation, if it is a trivial equation U = U, where
U € =%, if it has only trivial solutions, or if it is of one of the following forms,
where a,b>1,c¢> 2 and t € {z, z}:

Bl. 2% ... =¢y"x...
B2. 22... =3 y%...
B3. zyt... = zzy. ..

B4, zyt... = zyx...

B5. zyz...=zxy...
B6. zyz...=zyx...
B7. xytz...=zy‘x...

BS. xyt... = 2%y. ..

BY9. zyzz... = z2%y...

13



The parameterizability of basic equations is easy to prove with the help
of previous lemmas and theorems.

Lemma 6.1. Let S,T,U,V € Z*. Assume that the equation S =T has a
parametric solution {(h;,R;):j=1,...,m}, where A = {p,q} and A =
{i1,...,ig}. Assume that the exponential equations hj(U) = h;(V) are
equivalent with linear Diophantine relations. Then the pair of equations
S =T,U =YV has a parametric solution.

Proof. Let h;j(U) = h;(V) be equivalent with the linear Diophantine re-
lation R;. We show that the solutions of the equation have a parametric

representation
{(hj,RjﬂR;) 1] = 1,...,171,} UA,

where A is a parametric representation of the periodic solutions

If o = ho fis a valuation in R; N R;-, then o h; is a solution of S =T
and f is a solution of h;(U) = h;j(V'). Now @oh; is also a solution of U = V.

If g is a nonperiodic solution of the pair of equations S = T,U = V, then
g = @ o hj for some number j and valuation ¢ = h o f satisfying f € R;. It
needs to be shown that f is a solution of h;(U) = h;(V'). The morphism h is
a solution of the equation f(h;(U)) = f(h;(V')), which has two unknowns.
But h cannot be periodic, because g is not periodic. Thus f(h;(U)) and
f(h;(V)) must be the same word O

Theorem 6.2. Fvery basic equation has a parametric solution of bounded
length.

Proof. For equations U = U and for equations with only trivial solutions
the claim is clear. We prove it for equations Bl — B9. First we reduce
equations to other equations by Theorem 3.1. The equation B2 is reduced

by the substitution x +— yz to the equation zyx... = y®x..., which is of
the form B1l. The equations B3 and B4 are reduced by the substitution
x — zx to the equations zyz... = zzy ... and zyz... = yzx ..., which are

of the form B5. The equation B8 is reduced by the substitution x — zz to
the equation zyzA = z%xyB for some A, B € Z*. By Lemma 2.11, this is
equivalent with the equation zyzaxyzA = zxyz®xyB, which is of the form
B5. Therefore only the cases B1, B5, B6, B7 and B9 have to be considered.

Consider the equations B1, B5, B6, B7 and B9 as the equation U = V of
Lemma 6.1, and the equations xy = yx, zyz = zxy, vyz = zyz, xY°z = zy°x
and zyrz = 22y as the equation S = T. For Bl this can be done by Lemma
2.11, otherwise by a length argument. By Lemmas 2.7, 2.9 and 2.10, the
solutions of these equations are obtained from certain parametric words
over word parameters p,q and numerical parameters i, j, k. For equations
B1, B5 and B6, the exponential equation of Lemma 6.1 will be of height one
and Theorem 5.1 can be used. For B9, Theorem 5.2 can be used, and for
B7, Theorem 5.3 can be used. So the exponential equation is in all cases
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equivalent with a linear Diophantine relation and the claim follows from
Lemma 6.1. O

7 Images and f-images

In this section we define images and f-images of equations and prove some
results about them. If h is a solution of the equation U = yV, then
h(y) < h(x). This fact was already behind Theorem 3.1. This will be
generalized.

Let t1,...,tn € {y,z} and V =ty ...t,. Let t,41 = t1. If a morphism A
is a solution of the equation F : xU = VaW, then

h(z) = h(VFt .. . t)u (9)

for some numbers k,i and word u satisfying k > 0, 0 < i < n and h(t;41) £
u.

On the other hand, a morphism h satisfying (9) is a solution of F if and
only if uh(U) = h(tit1...tpt1 ... t;)uh(W). We can write h = go f, where f
is the morphism z — V*t;...t;x and g is the morphism for which g(z) = u,
g(y) = h(y) and g(z) = h(z). Now h is a solution of E if and only if ¢ is a
solution of

a;f(U) = f(ti_H oatptr .. tz)a;f(W) (10)

An image of an equation zU(x,y,z) =% V(y,z)zW (x,y,z) under the
morphism x — V*Pxz, where k>0, V = PQ and Q # 1, is

zU(VFPx,y, z) = QPazW (VEPz,y, 2).

If V' contains only one of y, z or if P = 1, the image is degenerated.

The m first images of an equation of length n are of length O(mn).
Images are needed in the most important reduction steps used in the proof
of parameterizability of equations with three unknowns. The solutions of an
equation are easily obtained from the solutions of its images, so it is enough
to consider them. There are infinitely many images, but a finite number is
enough, if one of them is turned from a one-sided equation to an ordinary
equation.

Equation F is reduced to the equations Fn, ..., E, by an n-tuple of substi-
tutions, if E' is of the form 2U (z,y,2) = t1 ... txxV(x,y,2), where 1 <n <k
and tq,...,t € {y, z}, equation E; is

l‘U(tl iy, Z) by S RPN 7% /% (N ti:EV(tl iy, Z),
when 1 <4 < n, and equation F,, is
xU(t1 ..ty y,2) = tpgr .. tgtr ... tpxV(t ... thx,y, 2).

By the above, Theorem 3.1 can be generalized.
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Theorem 7.1. Let E be an equation of length n. If E is reduced to the
equations E1, ..., E, by an m-tuple of substitutions, and if En, ..., E, have
parametric solutions of length at most ¢, then E has a parametric solution
of length O(mn)c.

Reductions with n-tuples of substitutions are not sufficient. Other ways
to restrict the considerations to a finite number of images are needed.
Equation
xU(x,y,2) = V(y,z)aW(z,y, 2)

is of type I, if both unknowns y, z occur in V. Equation
2y’ U(z,y, 2) = 22V (2, 2)yW (2, y, 2),
where b,c > 1, is of type II,if b > 1 or V # 1.

Theorem 7.2. The solutions of an equation of type I of length n can be
parameterized in terms of the solutions of O(n?) of its images of length

O(n?).

Proof. Consider the equation E : 2U(x,y,z) = V(y, 2)cW (z,y, z), where
both y and z occur in V, and its images

Ep;: aU(V'Px,y,z) &= QPzW (V' Px,y, 2), (11)

where ¢ > 0, V = PQ and @ # 1. We show that there exists a number T'
such that if P and @ are fixed, then the equations (11) are equivalent for
all1>1T.

Let h be a solution of Ep;. Then theorem 5.4 can be used for the
exponential equation

h(@)U (h(V)'h(Pz), h(y), h(z)) = H(QPx)W (A(V)'h(Px), h(y), h(2)),

where ¢ is considered to be unknown. The bound S in the theorem does
not depend on h and is of size O(n), because both y and z occur in V' and
h(z) < h(y) or h(x) < h(z). So there exists a number T' = O(n) such
that h is a solution for all # > T or for no ¢« > T. Thus the equations
Epr,Epr+1,EpT12,... are equivalent if P is fixed.

Now the images of this theorem can be taken to be Ep;, where P <V
and j < T. The solutions of E are go f oh/, where either 1’ is the morphism
x +— VIPz, g runs over the solutions of the corresponding image Ep;, f
does nothing and j < T, or /' is the morphism = — VI Pz, i is a numerical
parameter, g runs over the solutions of Epr and f gives values for i. Because
T = O(n) and |V| = O(n), there are O(n?) of these images, and because
|VIiPx| = O(n?), they are of length O(n?). O
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Like in the proof of Theorem 7.2, we will often use a variation of the
following reasoning: if the images of E are E1, Fo, ..., and if E,,, Eryt1, - -
are equivalent, then the solutions of £/ can be parameterized in terms of the
solutions of Fn, ..., E,,. It is also easy to see that if each of these images has
a parametric solution of length at most ¢, then E has a parametric solution
of length O(m?)c. This also holds for f-images, which are defined later.

Consider an equation of type II

ay’Az,y, 2) = 2“zB(z, 2)yC(z,y, 2), (12)

where b,c > 1 and b > 1 or B # 1. Its images are degenerated and of the
form ' ' '
ey A(Ziz,y, 2) & 2°eB(2'x, 2)yC (2'z, y, 2). (13)

Theorem 7.2 holds for some of the equations (12).

Theorem 7.3. If B = 2%, d > 1, then the solutions of (12) can be param-
eterized in terms of the solutions of O(n?) of its images of length O(n?).

Proof. Equation (13) is reduced by the mapping z — zz to the equation
Y A((w2) ',y az) = (z0)° (2) yC((22) 'z, y, 22). (14)

Let h be its solution. Let D = h((zz)(22)?) and h(y) = DY, where
Y < D. Then we get the equality

Y (DY) A(h((z2)'x), DIY, h(z2)) = DY C(h((z2)'z), DY, h(zz)). (15)

On the other hand, if (15) holds, then h is a solution of (14) and it gives a
solution of (13). It needs to be shown that there exists a bound T' = O(n?),
which does not depend on h, such that if (15) holds for some ¢ > T', then it
holds for all ¢ > T". Then the images (13) with ¢ < T are sufficient, like in
the proof of Theorem 7.2.

If j <c+d+ 1= 0(n) is fixed, then (15) can be considered to be an
exponential equation with unknown 4, and Theorem 5.4 can be used. The
bound S = O(n?) not depending on h exists, because |Y'| < (d + ¢)|h(x2)|.

For the rest of the proof we consider the case j > c+d-+1. Let ¢t and v be
the primitive roots of h(zz) = t* and D = v*. If these have equal length,
then t = v and h(zz) = h(zzx), which leads to a periodic solution. Assume
that |t| # |v|. In (15), starting from the left, move the powers of ¢ and v as
far to the left as possible by changing them to their suitable conjugates, and
then combine as much as possible from the right to these powers. This may
require replacing i and j with i’ =i — by and j' = j — by for some by, by. By
Theorem 2.3, powers of conjugates of h(zz) and D can overlap for at most
|h(z2) D] letters, so we can select by, by < c+d+1, and 7 and 5’ can be used
if 7 and j are large enough. This way (15) can be written as

P1 _ q1
sotyts1 .. thm sy, = upv] Uy .. Ul Uy, (16)
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where sq, ..., Sm, Ug,- .., U, € A every t; and vy is either a conjugate of ¢
or a conjugate of v, and every pg and g is a polynomial of first degree with
unknowns 4, /. The coefficients in these polynomials cannot be negative.
Also the last letter of tj is different from the last letter of si_1, and t; £
sty for all a. The same holds for words uy and vg and for polynomials
qx. Because the words h(zz) and D consist of h(z) and h(z) and Y < D,
there exists a bound S = O(n?) such that

150 -+ - Smtg - - - un (tv)?| < S|t% and b<aS (17)

when ai’ +bisin {p1,...,Pm,q1,---,qn}. The same holds with v in place of
t, 5/ in place of 7/, and as in place of a;.

We prove by induction with respect to m + n that if (16) has a solution
f with f(i), f(4') > S + 2, then s = ug, tp = vx and f(pr) = f(qx) for all
k. If m +n = 0, then the claim is clear (although the equation is of height
zero). If m = 0,n > 0, or other way around, then the exponent occurring in
the equation can get only small values. Assume that m,n > 0. From (17)
it follows that ]t{:(p’“)] > [s0...8mug ... uy(tv)?| for all k, and similarly for
v. It can be assumed that ug < sg, so v; = BA and sy = ug(BA)*B for
some A, B. Now ]v{(ql)\ > |so|+[t3] and \t{(pl)\ > |(AB)?|. Thus the powers
of t; and AB have a common prefix of length |[t;AB| and, by Theorem
2.3, t1 = AB. Now t1 = v1, B =1, kK = 0 and sg = ug. We prove that
fp1) = f(q1). From f(p1) > f(q1) it would follow that v; = t; < ulvg(%)
(or v =t; < wuq, if n =1), which is a contradiction. The case f(p1) < f(q1)
is symmetric. It follows inductively that sx = ug, tx = vi and f(pr) = f(qr)
for all k.

Now it can be seen that p, — ¢, contains only one of ¢ and j’, because
t) = vg, and the coefficient of i’ or j' is divisible by aj or as. So if f(pg) =
f(qr) and f(), f(4') > S, then it must be pr = g because of (17). The
claim follows. O

Theorem 7.2 can be generalized by defining #-images.

A sequence of equations Fy, ..., F, is a chain, if E; is an image of F; 1
for all 7, 1 <i <n. Then E, is an image of order n of Ey. If every F; is a
degenerated image, then the chain is degenerated and FE,, is a degenerated
image of order n.

We define 0-images of equations of type I and II. For equations of type
I all images are f-images. For equations of type II the degenerated images
of order 2 and nondegenerated images of order 3 are f-images.

Lemma 7.4. The solutions h of equation (12) satisfying |h(y)| < |h(2)| can
be parameterized in terms of the solutions of O(n) of its images of length

O(n?).
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Proof. This is proved like Theorem 7.2. Let E; be the equation (13) and let
h be its solution. Theorem 5.4 can be used for the exponential equation

h(zy’ A(z'z,y, 2)) = h(z*2B('z, 2)yC (2", y, 2)),

where 7 is considered to be the unknown. The bound .S does not depend on
h and is of size O(n), because h(x), h(y) < h(z). So there exists a number
T = O(n) such that either h is a solution for all ¢ > T or for no ¢ > T.
Thus the equations Er, Er11, ET49,... are equivalent. Like in the proof of
Theorem 7.2, the images £, where j < T, are sufficient. U

Lemma 7.5. The solutions h of (12) satisfying |h(y)| < |h(2)| can be pa-
rameterized in terms of the solutions of O(n'7) of its O-images of length

O(n'8).

Proof. Let these solutions be called 7-solutions. Let FE; be the equation
(13). By Lemma 7.4, the 7-solutions can be parameterized in terms of the
T-solutions of Ey, ..., Ep for some T'. Let P; be the set of those 7-solutions
h of E;, for which |h(z)| > |h(zy)|, and let Q; be the set of those T-solutions
h of E;, for which |h(y)| < |h(2)| < |h(zy)|.

Let E! be the image of E; under the morphism z — zz, and let E!' be
the image of E! under the morphism y — zy. From the length constraint
|h(y)] < |h(z)| < |h(zy)| it follows that the set @Q); can be parameterized in
terms of the solutions of E!, which is a nondegenerated image of the third
order of (12).

Consider the set P;. The equation (13) is of type I, so its solutions
can be parameterized in terms of the solutions of a finite number of its
images. Because of the condition |h(z)| > |h(zy)| in the definition of P;,
the image under the morphism 2z +— xz can be omitted. Let the set thus
obtained be F;. The set P; can be parameterized in terms of the solutions
of equations of F;. Partition F; into the sets G; and H; of degenerated and
nondegenerated images. The equations of H; are of type I, so their equations
can be parameterized in terms of the solutions of a finite number of their
images. These images are nondegenerated images of the third order of the
original equation (12). The equations of GG; are degenerated images of the
second order. So also P; can be parameterized in terms of the solutions of a
finite number of #-images of (12).

In this construction there are O(n) images of the first order of length
O(n?), O(n®) images of the second order of length O(n%), and O(n'") images
of the third order of length O(n'®). The claim follows. O

Lemma 7.6. Let A,B,C € Z* and i,k,a,p,a1,...,a, > 0 and ¢,q > 0.
Assume that all letters x,y,z occur in A, y £ A, 0 < ¢ <n and ag+c+2 <
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k<i—c—|A|. Let

Dy (z,2) = (22)((z2) T z) ... ((x2)T9-1g)zz,

Dy(x,2) = (x2)F g ((zz)i o1y . ((z2) %) (z2)P.
Now the equations

y(D1B)*A((z2)'z, D1 B, x2) & 2DyD1C(z,y, 2)
y(DlB)aA((‘TZ)ixa DlBa a;z) = DQDlC(x7 Y, Z)

have only trivial solutions.

Proof. The first equation is reduced by the morphism z — gz to the equation
(Dl ($7 yz)B,)aA(($yz)i$v Dl ($7 yZ)B,, ﬂj‘yZ) = ZD2 ($7 yz)Dl ($7 yz)cl‘

If a > 0, then the equation is of the form

(yza)x ... = (zay) ...

Because ¢ > 0 and ¢ — k > ¢+ 1, this equation has only trivial solutions by

Corollary 2.5. If a = 0 and 2™y < A, m > 0, then the equation is of the

form ‘
(zyz)"y... = (zzy) ...

Because i — k > m + 1, this equation has only trivial solutions by Corollary
2.5. If a=0 and z"x < A, m > 0, then the equation is of the form

(zyz)™t . = (zay) Y zzayz .

except if n = ¢ and p = 0, when it is of the form

(zyz)™ T = (zay) K ze(yza)ayz ...

Because ¢t — k +aq > 0 and i > i — k + a4 + ¢+ 1, this equation has in both
cases only trivial solutions by Corollary 2.5.

The second equation is similar. It is reduced by the morphism x — yzx
to the equation

(D1(yz, 2)B')* A((yzz)'yz, Di(yz, 2) B, yz2)
=a(aya) ™ T (yaz) Tt ya) L (yaz) T y) (yaz)P Dy (ye, 2)C".

If a > 0, then the equation is of the form

(zyz)y ... = (zzy) . ...

Because ¢ > 0 and ¢ — k > ¢+ 1, this equation has only trivial solutions by
Corollary 2.5. If a = 0 and z™y < A, m > 0, then the equation is of the
form

(yzz2)"z... = (zzy) k...
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Because i — k > m + 1, this equation has only trivial solutions by Corollary
2.5. If a=0 and z"x < A, m > 0, then the equation is of the form

(yaz)"t . = (wzy) T agyx .

except if n = ¢ and p = 0, when it is of the form

)m-l—z' i—k—i—aqx(

(yxz o= (z2y) zyx)yx . ...

Because ¢ — k +aq > 0 and i > i — k + a4 + ¢+ 1, this equation has in both
cases only trivial solutions by Corollary 2.5. O

Lemma 7.7. If ¢ occurs in B, then the nonperiodic solutions h of (12)
satisfying |h(y)| > |h(2)|, and some periodic solutions, can be parameterized
in terms of the solutions of O(n®) of its 0-images of length O(n®).

Proof. The images of (12) are the equations (13). Because of the condition
|h(y)| > |h(2)], it is enough to consider the image of this under the morphism
Z > xz

W A(x2)lw,y, x2) = (22)°B((x2)'z, x2)yC((z2) 'z, y, x2). (18)

The length constraint is now |h(y)| > |h(z2)|. Equation (18) is a nondegen-
erated image of the second order of (12). Let D = (zz)°B((x2)'x,z2). Now
the image of (18) under the morphism y + D’ Dyy, where j > 0, D1 < D
and DDy # 1, is

y(D?D1y)"~ A((z2)'x, D’ Dry, a2)

. . . 19
=Dy D1B((x2)'x, xz)yC((x2)'x, D’ D1y, xz), (19)

where D1 Dy = D.
We can write D = (z2)°((z2)"T%x) ... ((x2)"T%x)(z2)P, where n > 1,
p>0and ay,...,a, > 0. Let M = max{a;+c+1+|A:1<1<n} If

D, 7cuts” the factor (zz)" in D, then

Dy = (z2)°((x2) T %) ... ((x2)F %1 z)(x2)",

Dy = (xz) kg ((wz)Hatig) . ((x2) 9 x)(x2)P

Dy = (22)°((z2)"" ™ x). .. ((mz)““q*lx)(xz)k_la:,

Dy = z(wz) F g ((z2)Foariy) L ((w2) T 2) (22)P,

where 0 < k<tand 0<g<n. If M <k <t— M, then, by Lemma 7.6,
equation (19) has only trivial solutions.
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All nonperiodic solutions h of (12), for which |h(y)| > |h(2)|, are ob-
tained from the solutions of (19). Divide the solutions of the original equa-
tion into sets P and () depending on whether they are obtained from (19)
when 7 < 2M or when ¢ > 2M. It needs to be shown that these sets, and
some periodic solutions, can be parameterized in terms of the solutions of a
finite number of equations (19).

Let U &= V be the equation (19) and let h be its solution. If i < 2M is
fixed, then h(U) = h(V) can be viewed as an exponential equation with j
as the unknown. We use Theorem 5.4. It gives a T' = O(n?) such that h is a
solution for all j > T or for no j > T'. It can be assumed that the same T is
valid for all ¢ < 2M. Like in the proof of Theorem 7.2, the set P, and some
periodic solutions, can be parameterized in terms of the equations (19) with
i <2M and j < T. There are O(n?) of those.

Consider the set Q. We can write i = 2M + m. Replace (z2)° with
(x2)M(z2)™(x2)™ in (19). Now D; can no longer "cut” (zz)™, if we are
interested only in equations with nonperiodic solutions. So there are only
O(n?) possibilities for D;. Fix D; and a solution h. Now h(U) = h(V)
can be viewed as an exponential equation with j and m as the unknowns.
Fix m so that Theorem 5.4 can be used. There exists a bound L = O(n)
not depending on m such that either h is a solution for all j > L or for no
j > L. Next, fix j and view h(U) = h(V) as an exponential equation with
m as the unknown. Now, by Theorem 5.4, there exists a bound N; = O(nj)
such that either h is a solution for all m > Nj; or for no m > N;. The
bound N; can be assumed to be increasing with respect to j. By combining
these considerations it can be seen that either A is a solution for all j > L,
m > Np, or for no j > L, m > Np. The set @), and some periodic solutions,
can be parameterized in terms of the equations (19) with ¢ < 2M + Ny, and
j < L. There are O(n?) of those for every D;. This proves the theorem. [

Lemma 7.8. If z occurs in B, then the nonperiodic solutions of (12), and

some periodic solutions, can be parameterized in terms of the solutions of
O(n'") of its 0-images of length O(n'®).

Proof. The required #-images are obtained by combining the sets of Lemmas
7.5 and 7.7. O

Lemma 7.9. If B = 2%, where d > 1, then the solutions of (12) can be
parameterized in terms of the solutions of O(n?%) of its O-images of length

O(n?").

Proof. All images of the equation are degenerate; O(n?) of these of length
O(n3) can be chosen by Theorem 7.3. These images are of type I, so O(nS) of
their images of length O(n”) can be chosen by Theorem 7.2. Of these images
of the second order, the nondegenerated images are of type I, so O(n'®) of
their images of length O(n?") can be chosen. These nondegenerated images
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of the third order with the degenerated images of the second order give the
set of required #-images. O

We define a complete set of 0-images of an equation of type I or II. For
equations of type I it is the set of Theorem 7.2. For equations of the form
(12) it is the set of Lemma 7.5, if B = 1, the set of Lemma 7.8, if = occurs
in B, and the set of Lemma 7.9, if B = 2%, d > 1. The next theorem follows
immediately from this definition.

Theorem 7.10. FEvery equation of type I or II of length n has a complete
set of O-images consisting of O(n*®) equations of length O(n?").

We assume that every complete set of #-images satisfies the conditions
of Theorem 7.10.

Theorem 7.11. Let E be a word equation of length n. If {Eq,...,Ey} is
a complete set of 0-images of E and every E; has a parametric solution of
length at most c, then E has a parametric solution of length O(mn?%)c.

Proof. For equations of type I this follows from Theorem 7.2. Consider the
type I equation (12). If B # 1, then the claim follows from Lemmas 7.8
and 7.9. Assume that B = 1. By Lemma 7.5, it suffices to show that those
solutions h of (12), for which |h(y)| > |h(2)|, can be parameterized. Let h
be such a solution. Then h(z) = h(z)™u for some m > 1 and u < h(z),
h(z) = uwv for some v and y = vuw for some w. Now h = go f, where f and
g are morphisms, f(z) = (x2)™z, f(y) = zzy, f(2) = xz and g is a solution
of

yzr ... = (zx)%.... (20)
On the other hand, all such morphisms h are solutions of (12). By Lemma
2.11, g is also a solutions of yzz = zxy. Now, by Lemmas 2.7 and 6.1, the
solutions g of (20) can be parameterized. This gives a parametric represen-
tation for the required solutions h, if the exponent m in the morphism f is
considered to be a numerical parameter. O

8 Neighborhoods and trees

The proof of the parameterizability of equations with three unknowns con-
sists mainly of reducing equations to other equations. This forms a tree-like
structure. The intention is to make all leaf equations in this tree to be ba-
sic equations. The possible reduction steps are given in the definition of a
neighborhood, which is preceded by two lemmas.

Lemma 8.1. Let u,v,w € ¥*, 0 < |w| < |u] and ¢ > 1. If

2

Hou. .. or  wuw)u?... = (uwv)u?...,

c+1

wu V...=1U

then uv = vu.
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Proof. Let u = wt. From wu‘tlv... = utlow. .. it follows that
(wt)T - = t(wt)vwt ... and (wt)lv = t(wt)vw.
From w(uv)u?. .. = (uv)u?... it follows that
(wtv)wtwt - - - = to(wtv)  Lwtwt ... and  (wtv) wt = tv(wtv) " Lwtw.

In both cases the beginnings and ends of the last equation give wt = tw and
wtv = tvw. So p(w) = p(t) = p(tv) = p(v) = p(u). O

Lemma 8.2. Let Ey be the equation zy®zyPs ... = zyPxyt ..., where s,t €
{z,z} and a+p # b+ q. Let k > 8+ |p — q| be even, E} be the equation
zP = 2Q and Ey, ..., Ey, be a degenerated chain. Now the solutions of Ej
satisfying y # 1 are also solutions of the equation xy®zy® = zyPxy®.

Proof. Assume that E;y; is the image of E; under the morphism f; : x —
(zy)%z, when i is even, and under the morphism f; : z — (2y®)%z, when i
is odd. Because fyo(x) and fo(z) and thus fy(s) and fo(t) begin with z, the
equation Ej, is of the form zy®zyPr ... = zybxyir ..., where

r=(fro-ofi)(2) = (fror o f(((xy®)?zy”) 2ay®)™ (zy)=).

Let f = fyro---0 f4. The words zy® and zy® occur as factors of f(zy®) at
least k — 4 times. If h is a solution of Ej}., then
1P (zyzy?)| = [h(zy 2y )| < la+p—b—qllh(y)|
<(a+b)h)| +|p = qllh(y)] < 0+ |p — q)|h(zy®zy")]
<(k = 7)|h(zy*zy")| < [h(f (zy™))-
Thus
w((u®v)?u)u® ... = ((u®v)?u)u® ...,

where u = h(f(zy®)), v = h(f(zy®)) and |w| < |u|. Now, by Lemma
8.1, either w = 1 or uv = vu. In other words, h(zy®zy?) = h(zyPzyd) or
h(zy®zy?) = h(zybzy®). The first case is not possible by the assumptions
h(y) #1and a+p #b+q. O

The equations E1, ..., E, form a neighborhood of an equation E, if one
of the following conditions holds:

N1. Ey,..., E, form a complete set of #-images of F,
N2. E reduces to Eq,..., E, with an n-tuple of substitutions,

N3. FE is the equation U = V, U and V begin with different letters, n = 2,
and E7 and FE, are equations U =V and V =2 U,

24



N4. n =1 and E is the equation U = V and FE; is the equation U = V&,

N5. E is the equation SU =TV, |S|; = |T|; for all t € E, n =1 and E} is
the equation US = VT,

N6. n =1 and E; is F reduced from the left or multiplied from the right,

N7. n = 1 and, with the assumptions of Lemma 8.2, F is the equation
zP = 2Q and E; the equation zy®zy’zP = zybzy®2Q.

The rules N1 and N2 will be the most important ones. The rule N3
makes it possible to consider one-sided equations. Because of the rule N6
it can be assumed that equations are reduced from the left and continue
sufficiently far to right. The other rules are used in some special cases. Next
theorem justifies the definition of a neighborhood.

Theorem 8.3. Let E be a word equation of length n and let Eq, ..., E,, be
its meighborhood. If each E; has a parametric solution of length at most c,
then E has a parametric solution of length O(mn2%)c.

Proof. For N1 this follows from Theorem 7.11, for N2 from Theorem 7.1 and
for N7 from Lemma 8.2. The other cases are clear. O

Directed acyclic graph, whose vertices are equations, is a tree of F, if
the following conditions hold:

(i) only vertex with no incoming edges is F,
(ii) all other vertices have exactly one incoming edge,

(iii) if there are edges from Fjy to exactly Eq,..., E,, then these equations
form a neighborhood of E.

Theorem 8.4. Let E be a word equation of length n. If E has a tree of
height k, then all equations in the tree are of length O(n)27k. If each leaf
equation in this tree has a parametric solution of length at most ¢, then E
has a parametric solution of length O(n)52'27kc.

Proof. In the case N1 the first claim follows directly from Theorem 7.10,
and for the other cases the bound O(n)27k is more than enough. Now, by
Theorem 8.3, there exists a constant a such that £ has a parametric solution
of length

a(an)52 . a((an)27)52 . a((an)272)52 o a((an)wk*l)sz e

<a” (an)52'27kc = O(n)52'27k cd
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A tree in which all leaves are basic equations is a basic tree.

If every f-image of an equation of type I or II has a basic tree, then the
equation has a basic tree, because it has a complete set of #-images. The
rule N1 is used this way instead of explicitly selecting some complete set of
f-images.

The main theorem is proved by a sequence of lemmas. The lemmas are
proved by using the rules of the definition of a neighborhood in various ways.

Lemma 8.5. The equation xyz>A(x,y,2) = yz>xB(x,y, 2) has a basic tree.

Proof. With N5 we get the equation Azyz? = Byz?z, and then with N4
the equation 22yzAf = z22yBf. With N3 we get 22yzAf = z22yB®? and
22yr AR = 222yBE. The former is basic of the form B2. The latter is
reduced by the pair of substitutions z — zz, x — 22z to the equations
2yzx ... = w2y, .. and yz?x ... = 22%y.... These are basic of the form B9
or B7 and we get a basic tree. O

Lemma 8.6. The equation x%yz... = zyxy ... has a basic tree.

Proof. This equation is reduced by the pair of substitutions x — zx and

r — zyzx to the equations zzzryz... & yzxy... and rzyxryz... = 2yxy. . ..
The latter is basic of the form B5 and the first is reduced by the substitution
y — xy to the equation za?yz... = yza?y..., which has a basic tree by
Lemma 8.5. ]

Lemma 8.7. Every nondegenerated 0-image of xy’z... = zy’x... has a
basic tree.

Proof. The equation is of type I, so its nondegenerated #-images are of the
form zy?z ... & y?zx ... or of the form zy?z ... & yzyx . ... These are basic
of the form B2 or BS. O

Lemma 8.8. Every nondegenerated §-image of vyztA(z,y, 2) = zx’yB(x,y, 2),
where t # z, has a basic tree.

Proof. The equation is of type II. Its nondegenerated images of the second
order are

yzzg(h(tA)) = zx((zy) z2)'zyg(h(B)), (21)

where h is the morphism x + z’z and g is the morphism z + (zy)’zz. The
nondegenerated #-images are the images of (21). Consider the cases j = 0
and j > 0 and let C = tA.

First, let j = 0. The images of (21) are

yzz2C((x2)'z, D*Dyy, x2) &= DoDyyB((zz)'x, DX Dyy, 22), (22)
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where D = D1 Dy = zx(x2)'z, D # Dy and D¥Dy # 1. If DyD; begins with
one of 22, xzx, zrz, then (22) is a basic equation. Otherwise Dy D; begins
with 222, D; = 1 and k > 0. Then (22) is

yzz20((x2)'z, D*y, x2) = za(x2)'zyB((xz)'x, Dby, x2).
This is reduced by the substitution z +— yz to the equation
wy2C((wyz)'w, By, wyz) = za(xyz) zy B((zyz)'z, By, xy2),

where E = yzz(zyz)'z. This is equivalent with one of the following pairs of
equations:

(a) zyze = zzzy and y...=z...,if t =z,

(b) zyzyzex = zaxyzey and y...=z..., ift =y and i > 1,

(¢) zyzyzaw = zazyzey and y...=z..., ift=y,i=1and y £ B,

(d) zyzyzex = zzaxyzaey and (yza)y... = (yza)x..., if t =y, i = 1 and
y < B.

By Corollary 2.5, there are only trivial solutions in all cases.
Next, let j > 0. If ¢t = x, then (21) is

yrz((zy) vz)' wg(h(A)) = za((zy) z2) zyg(h(B)).

This is equivalent with the pair of equations yxzx = zzxy, y... =x... and
has only trivial solutions by Corollary 2.5. If t = y, then (21) is

yrzy... = zxxy(zy) ey ...
Every image of this equation is of one of the following forms:

ya:...é:x2..., Yyrz...ExzT ..., ya;zza;%...é:zﬁyxzm...,

where s # x. The two first equations are basic of the form B2 and B3. The
third equation is equivalent with the pair of equations yzzza? & zalyxz,
$...=uz...and has only trivial solutions by Corollary 2.5. U

9 Supporting equations

We define supporting equations and prove as an intermediate result that
they have basic trees.

Let 1 <a,b<2,d>1andt#y. A supporting equation is an equation
of the form

st = zyx . or 2Pt = zay. (23)
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or of the form
2yt = 2(y2) e (24)

A tree whose leaves are basic equations, supporting equations of the form
(23) or equations z2yt... = zyzzy. .., where t £y, is a supporting tree.

Lemma 9.1. Let Ey,..., Es be a chain of images of the equation
EO : $yatA(ﬂj‘, Y, Z) = ZC$B(33> z)yC’(m, Y, Z)v

where a,c > 1, A,C # 1 and t # y. Assume first that FEs is a degenerated
image. Now

1. E5 is of the form xzy®z... =2 zx...;

2. ifa=2,¢c=1, B=1andy £ C, then Ey is of the form xy’z... =
ZTYT . ..

3. ifa=2,c=1and B =z, then Es is of the form xy*z... = z2%y...;

4. if a = 1, then Ey is basic equation B3 or of the form xyzs... =
22y ..., where s # z.

Assume then that Ey is a nondegenerated image. Now
1. Es is a supporting equation;

2. ifa=2,¢c=1 B=1andy £ C, then E3 is a basic equation or of
the form yxzy... = zxzy...;

3. ifa=2,c=1 and B = z, then E3 is a supporting equation of the
form (23) or an equation of the form x?ys... = zyzxy, where s # y;

4. if a =1, then Ej5 is a supporting equation of the form (23).
Proof. The equation Fj is of the form
zyzA (z,y, 2) & 2°cB(2'z, 2)C(2'x, y, 2),
where ¢ > 0 and A; # 1. Its image Fs is of the form
DyDyzAs(z,y, 2) = zh(2° " aB('x, 2)C(2'x, y, 2)),

where h is the morphism z + (xy%)/ D1z, j > 0, D1 < xy?, (vy®)? Dy # 1,
DDy = zy® and z £ Ay # 1.

The equation E5 is a degenerated image if and only if Dy = 1. Then
the first four claims are correct. If Dy # 1, then by writing E3 separately
in the three cases t =0, D; =z, and t > 0, D; = x, and t > 0, Dy = xy?,
1 < b < a, the last four claims can be seen to be correct. O
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Lemma 9.2. Let s,t # y. Fvery nondegenerated 0-image of the equation
xy’s... = zxyt... has a basic tree. Every nondegenerated 0-image of the
equation azyzz L= za:zy ... has a supporting tree.

Proof. For the latter equation this follows from 3 of Lemma 9.1. For the
former it follows from 2 of Lemma 9.1, because the equation yzxzy... =
zxzy ... is reduced by the substitution y — zy to the equation of Lemma
8.5. O

Lemma 9.3. Let s # x and t # y. Consider the equations
(a) zy?z... = 22%y. ..,

(b) wyzs...= za%y. ..,

(c) zy’z... = zayt. ..,

(d) wyzt... = zy’x. ..,

(e) zyz... = zy’x. ...

the first has a supporting tree and the others have basic trees.

Proof. Let Ey be one of (a)—(d). It can be written in the form zy®zyPu... =
zybxyv ..., where u,v # y. Here always a+p # b+q. Let I > 8+ |p—¢| be
even. Form a complete set of f-images for Fy, a complete set of f-images for
each of these, and so on [ times. These 6-images form chains Ey, ..., E;. We
show that each chain has an equation with the required tree. This proves
the lemma.

First, consider chains of degenerated 8-images. There is a corresponding
degenerated chain of ordinary images. Now, by N7, the equation E; can be
replaced by one of the following;:

(@) xy?z... = 2oy ...
(

b)) xyz... = zaxy...

)
() xy’z... = zay?. ..
(d) ayzy... = 2?2 ... .

Equation (b’) is basic of the form B3. Equations (a’) and (c’) are reduced
by the substitution z +— zz to equations of Lemma 8.5. Equation (d’)
is reduced to the equation zyzyP = y?22(Q, which can be transformed to
yzyx ... = xzy>... by N5 and N4. This has a basic tree by Lemma, 8.5.
Second, consider nondegenerated chains. Assume that the part Ey, ..., E;j_1

of the chain is degenerated and that F; is a nondegenerated 0-image of E;_;.
If Ey is of the form (a) — (c), then E;_; is of the same form and E; has the
required tree by Lemma 9.2 or Lemma 8.8. If Fjy is of the form (d), then all
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of Fy,...,Ej_jareof typel. Let 0 < ¢ < j. If ¢ is even, then FE; is of the form
xyz... = zy’x.... If i is odd, then E; is of the form zy’z... = zyz....
Assume first that j is even. Now Ej is of the form yzzr... = zy’z...,
where r # z. This is the equation (b). Assume then that j is odd. Now E;
is of the form y?... = xy... or yzy... = 2yz.... These are basic of the
form B2 and B3.

The lemma has been proved for equations (a) — (d). The equation (e) is
of the form (d) or (d’), so it has a basic tree. O

Lemma 9.4. Supporting equations of the form (23) have basic trees.

Proof. First, consider the equation %%t ... =% zyx..., where 1 < a,b < 2
and t # y. If a = b = 1, then this is basic of the form B4. If ¢ = 1 and
b = 2, then this of type I and its images are of the form zyx ... = zy?z ...
or yzxs... = xy’z..., where s # . These have basic trees by Lemma 9.3.
Assume that a = 2. The equation is reduced by the substitutions z +— zx,
x — zyx to the equations zzzxy ... & yzxs... and xzy... = zyx ..., where
s # x. The latter is basic of the form B5. If in the former s = y, then it is
reduced by the substitution y — zy to the equation of Lemma 8.5. If s = z,
then the images of the equation are of the form yzxz... & Dy, where D is
a conjugate of xzx. If D = xzx, then this image is basic of the form B4. If
D = z22, then it is the equation (c) of Lemma 9.3. If D = 222, then it is
the equation of Lemma 8.6.

Second, consider the equation z%yt... = zzy..., where 1 < a,b < 2
and t # y. If a = 2 or a = b = 1, then this is basic of the form B2 or
B3. Assume that a = 1 and b = 2. If the fourth letter on the right is y,
then the equation is reduced by the substitution z — zx to the equation of
Lemma 8.5. Otherwise, the 8-images of the equation are, by 2 of Lemma 9.1,
basic equations or of the form xy%z... = zxyx... or yxzy... = 2x2y. ...
The former has a basic tree by Lemma 9.3, the latter is reduced by the
substitution y — zy to the equation of Lemma 8.5. O

Lemma 9.5. The equation 2%yt ... = zyzxy..., where t # vy, has a basic
tree.

Proof. The images of this equation have basic trees by Lemma 9.4, except
for the image under the morphism x — zx:

xzxyz...é:yzza:y....

This is reduced by the substitution y — zy to the equation za?yz... =

yz?xz? . ... Consider the corresponding one-sided equations.

The images of the equation

zxlyz... = yLa? .. (25)
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are of the form zx?yy'z... &= yzy'zx? ..., and the images of this under the
morphisms y — zy, y — zxy, y — zx2y and under other morphisms are

ol 26
27
28

29

2% (zy) = yz(zy)iza? .

xzx...:iyzzx...,

(26)
(27)
zxtyze .. 3 ylaty. .., (28)
(29)

Dyzx ... = yz2a?z. ..,

where D is a conjugate of zx2. The last two can be split into pairs of
equations zxlyz = yz22?, x... = y... and Dyz = y222°, ... = z....
These have only trivial solutions by Corollary 2.5. Consider the first two
equations. They are nondegenerated images, so their images are 6-images of
(25). These are equations of Lemma 9.4, except for the image of (26) under
the morphism x — ya:

zyz(zy) T = 2 (y2) (yx)? .

All images of this are again equations of Lemma 9.4, except for the image
under the morphism z +— xz:
i+1 j 2

yx(xzy) o3 zaz(yzz) (yz)© ..

This is reduced to the equation

yr(z2y) T = zz(zyzz) (zyx)? .

which can be split into the pair of equations yz22? = z2%yz, y... = 2. ..,
which has only trivial solutions by Corollary 2.5. So (25) has a basic tree.

The images of the equation zz?yz... & yz2z2... are of the following
forms:

zyz.. =yt (30)
zrrayz ... = ylat ..., (31)
2xtyz. . 3yt (32)

The images of (31) are equations of Lemma 9.4. The equation (32) is of the
form (25). The images of (30) are equations of Lemma 9.4, except for the
image under the morphism z +— yux:

ryrzyz ... = 2 (yx)?. ...

All images of this are again equations of Lemma 9.4, except for the image
under the morphism z +— zz:

yrlryrz ... = zxz(yx)?. ...
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This is reduced to the equation

yr’yrz ... = xz(zyx)?. ..,

which can be split into the pair of equations yx?2? = z2%yz, y... = 2. ..,

which has only trivial solutions by Corollary 2.5. O

Lemmas 9.4 and 9.5 prove that if an equation has a supporting tree, then
it has a basic tree.

Theorem 9.6. Fvery supporting equation has a basic tree.

Proof. By Lemma 9.4, it is enough to consider equations (24).

If a = b =1, then the equation is zyt... = z(yz)%.... Every image of
this equation has a basic tree by Lemma 9.4.

If a = 1 and b = 2, then the equation is zyt... = z(yz)%x.... Its
images are of the forms

TR = 1PN (33)
zyiz. . e yzy. ., (34)
zy’z.. = y2is.. ., (35)
.. = 22yt (36)

where s # z, t # y. All images of (33) are of the form (23). All f-images
of (34) are, by 4 of Lemma 9.1, basic equations, supporting equations (23),
or equations (b) of Lemma 9.3. All f-images of (34) are, by 3 of Lemma
9.1, equations of Lemmas 9.3, 9.4 or 9.5. All images of (36) are supporting
equations (23), except for the image under the morphism z — zz, which is
the equation of Lemma 9.5.

If a = 2, then the equation is z%y’t... = z(yz)%.... Its images are
supporting equations (23), except for the image under the morphism x — zz:

zzzy ... = (y2)tex. ...

If d > 1, then the images of this equation are supporting equations (23). If
d =1, then this is the equation (24) with a =1 and b = 2. O

10 Main theorem

Lemma 10.1. The equation xy®zyPs ... = zybzyit. .., wherea > 0, a+p =
b+ q and s,t # y, has a basic tree.

Proof. If a = 1 and b = 0, then the equation is basic of the form BS.

Consider other cases. The equation is reduced by the substitutions z — zy“x
(¢c=0,...,b) to the equations

zylz.. =yl (c=0,...,b—1), (37)

zy®zyPsP = zyPzyhtQ. (38)
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When b — ¢ > 1, the equation (37) is basic of the form B2. When b —c =1,
its #-images have a basic tree by 4 of Lemma 9.1 and by Lemmas 9.3 and
94.

If a = b, the equation (38) is basic of the form B6 or B7. Assume
that a < b; the case a > b is similar. By using N5 and N4 we get the
equation y%zy®x... = zybz..., where d = b — a > 1. Split this into one-
sided equations

iz = ayle. (39)
vyl . = ayla. ... (40)

If d > 1, then (39) is basic of the form B2. If d = 1, then its #-images have
a basic tree by 4 of Lemma 9.1 and by Lemmas 9.3 and 9.4. The equation
(40) is reduced by the substitutions x — y°x (¢ = 1,...,d) to the equations

d—cz a+ a+d

Y yter . s ayla. . and 2yl =ayla.

Latter is basic of the form B6 or B7, former is of the form (39). O

Lemma 10.2. The equation Ey : zy®z... = 2y’x ..., where a > 0, has a
basic tree.

Proof. The equation can be written in the form zy®zyPu... = zylzyv. . .,
where u,v # y. If a + p = b+ ¢, then the claim follows from Lemma 10.1.
Assume that a +p # b+ q. Let | > 8+ |p — ¢g| be even. Like in Lemma 9.3,
form a complete set of f-images of Ej, a complete set of f-images of these,
and so on [ times. These f-images form chains Ej,..., E;. We show that
each chain has an equation with a basic tree; this proves the claim.

First, consider chains of degenerated #-images. There is a corresponding
chain of ordinary images and we can use the rule N7. The equation Ej is
replaced by the equation zy®zy’zP = 2y’xy®2Q, which has a basic tree by
Lemma 10.1.

Second, consider nondegenerated chains. Assume that the part Ey, ..., E;j_1
of the chain is degenerated and that F; is a nondegenerated 0-image of E;_;.
If b = 0, the equation Ej is of the form xy®z... = zx ..., and E;_; is of the
same form. Now by 1 of Lemma 9.1, Ej is a supporting equation and thus
has a basic tree. If b > 0, then Ej is of the form zy®z... = zybz . ... Equa-
tion F;_; is of the same form. Now FE; is of the form yezyle ... = xylz. .,
where ¢ +d = a and ¢ > 1. If ¢ > 1, then Ej; is basic of the form B2. If
c =1, then Ej; has a basic tree by 4 of Lemma 9.1 and by Lemmas 9.3 and
9.4. O

Lemma 10.3. The equation xy®t... = 2°cB(x, 2)y ..., where a,c > 1 and
t # vy, has a basic tree.

Proof. By 1 of Lemma 9.1, all #-images of this equation are supporting
equations or equations of Lemma 10.2. O
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Lemma 10.4. The equation z"y™t... = zyA(y,z)x..., where n,m > 1
and t # y, has a basic tree.

Proof. If n = 1, every image of the equation is of the form
zy"z...&=Dx..., (41)

where D is a conjugate of zyA. If n > 1, the image of the equation under
the morphism = — zx is

r(zx)"ly. . = yAzx. .., (42)
and all the other images are of the form
xzy...=Dx..., (43)

where D is a conjugate of zyA.

Consider equation (41). If y> < D, then this is basic of the form B2. If
yz < D, then this is the equation of Lemma 10.3. If z < D, then this is of
the form

e yPs. .. = zyta (44)

where a,b,d > 1 and s # y. The case of equation (43) is similar. The
equation (42) is of the form

z%y’s. .. = 2(y2)e ..., (45)

where a,b,d > 1 and s # y. It is enough to prove that equations (44) and
(45) have basic trees.

Consider equation (44). Assume first that a = 1. Now every image
of this equation is of the form xy’z... & Dz, where D is a conjugate of
zyd. If z < D, then this is the equation of Lemma 10.2. If y?> < D, this
is basic of the form B2. If yz < D, then this is the equation of Lemma
10.3. Assume then that a > 1. Now the image of the equation under the
morphism z — zz is z(z2)* 'y... &= y%zz..., and all other images are of
the form zzy... & Dx..., where D is a conjugate of zy®. First of these is
of type I and its images have basic trees by Theorem 9.6. The latter is the
equation of Lemma 10.3, if zy < D; otherwise its images have basic trees by
Theorem 9.6.

Consider equation (45). Assume first that a = 1. Now every image of
this equation is of the form zy’z ... & Dz, where D is a conjugate of z(yz)?.
If yz < D, this is the equation of Lemma 10.3. Otherwise Dz = z“ys, where
1 <e¢<2and s # y, and this image is of the form (44) and has a basic
tree. Assume then that a > 1. Now the image of the equation under the
morphism x — 2z is 2(22)* y... & (yz)%zx..., and all other images are
of the form zzy... & Dzx..., where D is a conjugate of z(yz)?. First of
these goes back to the case a = 1. The latter has a basic tree by Lemma
9.4. O
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Theorem 10.5. Every equation of length n with three unknowns has a basic
tree of height O(n).

Proof. The trivial equation U = U is a basic equation. All other equations
can be reduced from the left and split into one-sided equations. By multi-
plication from the right, every one-sided equation can be turned into one of
the equations

T B (46)
xy... =2 YT .. (47)
xz% ... 2 y‘eB(x,y)z. .. (48)
2%y’s... = y°zB(y, 2)x . .. (49)
2% ... =2 y2By, 2)x ... (50)
222 . = y2By, 2)x .. ., (51)

where a,b,c > 1, d > 1,t # z and s # y. We prove that all of these have
basic trees.

Equation (46) is basic of the form B2. Equation (47) is reduced by the
substitution x — yx to the equation xy... = y°x..., which is basic of the
form B1l. Equation (48) is the equation of Lemma 10.3. Equation (50) is
the equation of Lemma 10.4.

The equation (49) is of type I and its images are of the form zy... &=
Dz ..., where D is a conjugate of y°zB. If y?> < D, then this is of the form
(46), if yz < D, then of the form (48), and if z < D, then of the form (50).
So every image of the equation (49) and thus the equation itself has a basic

tree.
a—1.,b

The equation (51) is of type I and its images are of the form z(y...)* " z°y...

Dz ..., where D is a conjugate of y?zB. Again it is of the form (46), (48) or
(50). So every image of the equation (49) and thus the equation itself has a
basic tree.

The constructions of trees in the lemmas produce trees of bounded length
with two exceptions: Lemmas 9.3 and 10.2, where a tree with height of order
|p — ¢| is constructed for the equation

ayzyP .= byt (52)

We prove that the powers of y here cannot be more than n, which proves
this theorem. In the definition of neighborhood, the rules N1, N2, N5 and
N6 can produce higher powers than those in the initial equation. There is
no need to use N6 to generate high powers and N5 is only used in Lemmas
8.5, 9.3 and 10.1, where it does not generate high powers. Consider N1
and N2. Here an equation zU(x,y,z) = y®xV(x,y, 2z) can be turned into
2U(y'z,y,2) = y*2V (y'z, y, z) for high values of 4. But in order for y to be
in the position of (52), the rules N1 or N2 must be used again. Then y is
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replaced by zuy for some u € {x,z}* and the powers of y disappear. The
claim is proved. O

In the next theorem exp? denotes the double exponential function exp o exp.

Theorem 10.6. Fvery equation of length n with three unknowns has a para-
metric solution of length exp?(O(n)).

Proof. By Theorem 10.5, every equation has a basic tree of height O(n).
By Theorem 6.2, the leaf equations have parametric solutions of bounded
length. Now from Theorem 8.4 it follows that E has a parametric solution
of length O(n)%22™  where k = O(n), that is of length exp?(O(n)). O
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