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Abstract. We show by a simple reduction that the unique decipherglgtibblem in the language
monoid of regular languages over a non-unary alphabet isaiddble.

1. Introduction

The unique decipherability problem in a monoM asks whether a given finite subskf of M is

a free generating set of the submonoid/dfit generates. The problem is very natural in the theory of
information transmission. It was probably first encourdeshen asking whether or not a finite encoding
i — w; can be uniquely decoded, that is whether a finite set of wpugdg i € I} is a free generating
set of a submonoid of a free monoid. An affirmative answer i®ghoblem was given in a paper known
as a source of the classicahrdinas-Patterson algorithi§8]. This algorithm extends straightforwardly
to regular languages, see, e.g., Section 1.3 in [1].

There are several options to try to extend the above probl®me such direction is to consider
instead of the freeness of a finitely generated subsemigobtiy, the isomorphism of two such semi-
groups. This reveals some interesting phenomena. Firdt tfeaproblem remains decidable, see [2],
but the proof relies on something surprising, namely systehequations over free semigroups and their
compactness properties. Even more interestingly thisoggbrdoes not extend to subsemigroups gener-
ated by regular languages — in fact, the decidability ofrtfegimorphism is an open problem. Another
interesting feature here is that when moving from subsesujgg of a free semigroup to more general
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semigroups the isomorphism problem becomes undecidaloleexample, for finitely generated mul-
tiplicative semigroups 08 x 3 matrices over natural numbers the isomorphism, or evenrdeméss,
problem is undecidable, see, e.g., [6] or [5] as a survey efahproblems. These problems remain
undecidable for upper triangularx 3 matrices.

Another way of trying to extend the freeness problem is toswer some other semigroups. The
monoids of languages constitute such examples relatedtémnata and formal language theory. Re-
cently such an attempt was made in [3]. It was shown that thiguendecipherability in the monoid
of unary languages is decidable in the case of finite langaggewell as in the case of regular, that is
ultimately periodic languages. Later in [7] a charactditmaof unary finite languages possessing the
unique decipherability property was given, thus sharpgttie above result of [3]. Also a simple case of
non-unary languages was settled affirmatively in [3]: ifrthis a letter that appears exactly once in every
word of every language, then the problem is decidable.

As far as we know, the general problem is very much untouchEus note is a contribution to
that. We show that, given a finite collection of regular laages, it is undecidable whether it is a free
generating set in the monoid of languages. Our result iscbaseanother undecidability result in [4]
which states that the unique decipherability problem iseaidhble in the trace monofd, b}* x {c, d}*.

2. The Result

The unique decipherability problerim a monoid M asks whether a given finite subget = {a4, ...,
an} C M is a free generating set of the submonditi. In other words, it asks whether every element
of M that has a representation as a product of the elenagnts. , a,, has a unique such representation.

We fix two disjoint binary alphabets; = {a, b} andXs = {¢,d}. We will use the following lemma
that was proved in [4].

Lemma 2.1. The unique decipherability problem is undecidable in thegrmonoid:; x 33.

We will show that the monoid} x X3 can be effectively embedded in the monoid of regular lan-
guages over a non-unary alphabet.
Forawordw = a; ... a,, letsw(w) be the set of all (scattered) subwordsugfthat is

sw(w):{ail...aik|1§i1<---<ik§n}.

Let
X=CuZ)t\si\xf

be the set of those words that contain letters from BthndX,. For all pairs of wordgu, t) € £7 x X3
we define a regular language

L(u,t) =sw(u) Usw(t) UX 1)

overXi U Xo.

Lemma 2.2. The mappingL defined by (1) is an injective morphism.
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Proof:
First we show that i, v’ € ¥j andt, ¢’ € X3, then

L(u,t)L(u',t') = L(uu', tt").

BecauseX C L(u,t) andl € L(u/,t’), the setX is a subset of_(u,t)L(v,t"). Of the words inxXj,
the languagd.(u,t)L(u',t") contains exactly those that can be writtenugs wherex € sw(u) and
y € sw(u'). These words form the set (uu'). Similarly, L(u, t)L(v', ') N X5 = sw(¢t’). Thus

L(u, t)L(u' ') = sw(uu') Usw(tt') U X = L(ud, tt'),

and L is a morphism.

Next we show that if., v’ € ¥} andt,t’ € 35 andL(u,t) = L(v/,t’), thenu = «" andt = ¢'. The

longest words ok} andX% in L(u, t) areu andt, and the longest words &f; andX} in L(v/, ') areu’
andt’. Thus if L(u,t) = L(v/,t'), thenu = v/ andt = ¢’ and L is injective. 0

Theorem 2.1. The unique decipherability problem is undecidable in thenoid of regular languages
over a non-unary alphabet.

Proof:
For the alphabek; U 3, this follows from Lemma 2.2. This alphabet has four lettérs (31 U ¥5)*
can be embedded #u, b}*, so the undecidability holds already for a binary alphabet. O

The question of the decidability of the unique decipheigbproblem in the monoid of finite lan-

guages is also interesting. It is noteworthy that in [4] gthéng is finite: the input is a finite collection

of elements of the monoitl} x 3. On the other hand, we obtain our result only for regular stsbs
of (X1 U X9)*: the languaged. (u, t) contain an infinite regular paft, which is essential in the proof
of Lemma 2.2. Actually, we do not know whether our result ageto finite collections of finite lan-

guages, so it remains an open question whether the problemdecidable already in the monoid of
finite languages.
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